SPIKE SOLUTIONS FOR A CLASS OF SINGULARLY PERTURBED 
QUASILINEAR ELLIPTIC EQUATIONS 
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Abstract. By means of a penalization scheme due to del Pino and Felmer, we prove 
the existence of single-peaked solutions for a class of singularly perturbed quasilinear 
elliptic equations associated with functionals which lack of smoothness. We don't require 
neither uniqueness assumptions on the limiting autonomous equation nor monotonicity 
conditions on the nonlinearity. Compared with the semilinear case some difficulties arise 
and the study of concentration of the solutions needs a somewhat involved analysis in 
which the Pucci-Serrin variational identity plays an important role. 



Let Q be a possibly unbounded smooth domain of R with N ^ 3. 

Since the pioneering work of Floer and Weinstein |FWj in the one space dimension, much 
interest has been directed in the last decade to singularly perturbed elliptic problems of 
the form 



for a superlinear and subcritical nonlinearity / with f(s)/s nondecreasing. 

Typically, there exists a family of solutions (u £ ) e >o which exhibits a spike shape around 
the local minima (possibly degenerate) of the function V(x) and decade elsewhere as e 



goes to zero (see e.g. [ABH1 IDFl iDFl IDF51 lJT2l EH EH El EE EE2 M\ and references 



therein). A natural question is now whether these concentration phenomena are a special 
feature of the semilinear case or we can expect a similar behaviour to hold for more general 
elliptic equations which possess a variational structure. 
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1. Introduction and the main result 
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In this paper we will give a positive answer to this question for the following class of 
singularly perturbed quasilinear elliptic problems 



(2) 



N N 

—e 2 ^2 Dj(aij(x,u)D i u) + y ^ D s aij(x,u)DiuDjU + V(x)u = f(u) in Q 

i,j=l i,j=l 

u > in i? 

u = on dO 



under suitable assumptions on the functions a^-, V and /. Notice that if dij(x, s) = 5ij then 
equation (J2J) reduces to (0), in which case the problem originates from different physical 
and biological models and, in particular, in the study of the so called standing waves for 
the nonlinear Schrodinger equation. 

Existence and multiplicity results for equations like (J2J) have been object of a very careful 
analysis since 1994 (see e.g. |AB| IAB2| El \CD\ li^2] for the case where Q is bounded and 
|CG| E] for Q unbounded). On the other hand, to the author's knowledge, no result on 
the asymptotic behaviour of the solutions (as e vanishes) of (J2J) can be found in literature. 
In particular no achievement is known so far concerning the concentration phenomena for 
the solutions u £ of (J2J around the local minima, not necessarily nondegenerate, of V. 

We stress that various difficulties arise in comparison with the study of the semilinear 
equation (JTJ (see Section |3] for a list of properties which are not known to hold in our 
framework) . 

A crucial step in proving our main result is to show that the Mountain-Pass energy level 
of the functional J associated with the autonomous limiting equation 

N ^ N 

(3) - £ DjMx, u)D iU ) + - £ D saij (x, u)D lU D jU + V{x)u = f(u) in R N 

i,j=i i,j=i 

with x G R N , is the least among other nontrivial critical values (Lemma 13. 5j) . Notice 
that, no uniqueness result is available, to our knowledge, for this general equation (on the 
contrary in the semilinear case some uniqueness theorems for ground state solutions have 
been obtained by performing an ODE analysis in radial coordinates, see e.g. |CLp . The 
least energy problem for (jSJ) is also related to the following fact: 

(4) u E iJ 1 (IR 7V ), u ^ and u solution of © implies that J{u) = max J(tu) 

Unfortunately, as remarked in |CG| section 3] , if one assumes that condition (fTU|) holds, 
then property (@J) cannot hold true even if the map {s i— > f{s)/s} is nondecreasing. 

In order to show the minimality property for the Mountain-Pass level and to study the 
uniform limit of u £ on dA, inspired by the recent work of Jeanjean and Tanaka | J Tj . we 
make a repeated use of the Pucci-Serrin identity |PSj . which has turned out to be a very 
powerful tool ( Lemmas 13.51 and 13 . 

Notice that the functional associated with (0) (see (|15p) is not even locally Lipschitz and 
tools of nonsmooth critical point theory will be emploied (see |CDM| IDMj and references 
therein). Also the proof of a suitable Palais-Smale type condition for a modification of the 
functional I £ becomes more involved. 
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We assume that / G C 1 (M + ) and there exist 1 < p < ^| and 2 < i? ^ p + 1 with 

(5) lim ^ = 0, lim M = 0, 

(6) < #F(s) < /(s)s for every s G M + , 

where -F(s) = f(t) dt for every s G M + . 

Furthermore, let V : R^ — > R be a locally Holder continuous function bounded below 
away from zero, that is, there exists a > with 

(7) ^ a for every x G R . 

The functions ay (a;, s) : L? x ]R + — > R are continuous in x and of class C 1 with respect to 
s, dij(x, s) = (iji(x, s) for every i,j — l,...,N and there exists a positive constant C with 

\a,ij(x,s)\ ^ C7, |D s ay(x, s)| ^ C 

for every a; G Q and s G R + . Finally, let i?, ^ > and < 7 < — 2 be such that 

N 

(8) X)oii(x,s)^i>^| 2 > 

AT Af 

(9) sD s aij{x, s)££j ^ 7 ^ a ^'( x ' s )&&> 

i,j=l i,j=l 
N 

(10) s ^ i? D »°*i & s ^ 

for every x G i?, s G M + and £ G R-^. 

Hypothesis (|HJ), (JHJ) and (jZJ on / and 1/ are standard. Observe that neither monotonicity 
assumptions on the function f{s)/s nor uniqueness conditions on the limiting equation © 
are considered. Finally, © and (fTUj) have already been used, for instance in |AB| IAB21 \C\ 
ICDl ICGj , in order to tackle these general equations. 

Let H V (Q) be the weighted Hilbert space defined by 

H V {Q) = \ue Hl{Q) : J V(x)u 2 < +oo J , 

endowed with the scalar product (u,v)v = §qDuDv + V(x)uv and denote by || • 
the corresponding norm. 

Let A be a compact subset of Q such that there exists xq G A with 

(11) V(xci) = minV^ < min V, 

y ' A OA 



N N 

rt . .( nr 



(12) S~] a^XQ, s)^ = mm V" a^x, s)&£ 

' 4 xGA ^— ' 

i,j=l i,j=l 
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for every s G M + and £ G R-^. Moreover, let us set 

(13) a := sup {s > : /(t) ^ tV(x ) for every t G [0, s]} 
and 

(14) J( := {x G A : V(x) = V(x )}. 
The following is the main result of the paper. 

Theorem 1.1. Assume that conditions ©, ©, ©, ©, GO), GB> Gl> JwM. 

TTien i/iere exists Eo > swc/i t/iat, /or even/ e G (0, Eo), there exist u £ G Hy(f2) fl C(i?) 
an<i x £ G yl satisfying the following properties: 

(a) -u e zs a yjeaA; solution of the problem 

( N N 

—e 2 Dj(a,ij(x,u)Diu) + y ^ D s aij(x,u)DiuDjU + V(x)u = f{u) in Q 

i,j=l i,j=l 

u > in ft 

u = on df2 ; 

(6) taere exisfo a' > swc/t £na£ 

« e (x £ ) = supw e , a < u £ (x £ ) < cr', limd(x £ ,^) = 
n 

where a is as in (I13J1 and «s as m f!14|) ; 

(c) /or every g > we have 

lim IKHl-^vm^)) = ! 

(d) we have 

\im\\u £ \\ Hv (n) = 
and, as a consequence, lim ||"U e || 1,4(12) = /or even/ 2 ^ g < +oo. 

The proof of the theorem is variational and in the spirit of a well-known paper by del 
Pino and Felmer |DF| . where it was succesfully developed into a local setting the global 
approach initiated by Rabinowitz 

We will consider the functional I £ : Hy(f2) — > R associated with the problem 

2 N 



/ aij(x,u)DiuDjU H — / V(x)u 2 — / F(u) 



(15) /«(«) := 

and construct a new functional J e which satisfies the Palais-Smale condition (in a suitable 
sense) at every level (I £ does not, in general) and to which the (nonsmooth) Mountain-Pass 
Theorem can be directly applied to get a critical point u £ with precise energy estimates. 

Then we will prove that u £ goes to zero uniformly on dA as e goes to zero (this is the 
hardest step, here we repeatedly use the Pucci-Serrin identity in a suitable form) and show 
that u £ is actually a solution of the original problem with all of the stated properties. 
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Remark 1.2. We do not know whether the solutions of problem Q-PJ obey to the following 

exponential decay 

(16) u £ (x) ^ aexp ^ — — \x — x £ \ j for every x G L?, for some a,(3E IR + , 

which is a typical feature in the semilinear case. This fact would follow if we had a 
suitable Gidas-Ni-Nirenberg |GNJNj type result for the equation (jSJ) to be combined with 
some results by Rabier and Stuart [RS] on the exponential decay of second order elliptic 
equations. 

Remark 1.3. As pointed out in |DF3j . the concentration around the minima of the poten- 
tial is, in some sense, a model situation for other phenomena such as concentration around 
the maxima of d(x,dtl). Furthermore it seems to be the technically simplest case, thus 
suitable for a first investigation in the quasilinear case. 

The organization of the paper is as follows: 

- In Section El we construct the modified functional J £ and we prove that it satisfies a 
variant of the classical Palais-Smale condition (see Definition 16. 6|) . 

- In Section El we study the concentration of the solutions u £ around the local minimum 
of V(x) as e tends to zero. 

- In Section 0] we finally end up the proof of Theorem 11.11 

- In Section El we list a few open problems related to our main result. 

- In Section |U1 we quote from [CDJ various tools of nonsmooth critical point theory. 



2. The del Pino- Felmer penalization scheme 

We now define a suitable modification of the functional I £ in order to regain the (concrete) 
Palais-Smale condition at any level and apply Proposition 16.91 of the Appendix for every 
e > 0. Let us consider the positive constant 

I := sup { s > : ^— ^ — for every ^ t ^ s 

y t k 

for some k > — 2). We define the function / : M + -> R by setting 

700 := 

and the maps g,G : Q x R + — > M, 

g(x,s) := XA(x)f(s) + (1 - XA(x))f(s), G(x,s)=l g(x,r)dr 



fs if s > £ 
f(s) ifO^s^ 



o 
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for every x G ft. Then the function g(x,s) is measurable in x, of class C 1 in s and it 
satisfies the following assumptions: 

(17) lim - — - = 0, lim ^— - — - = uniformly in x G ft, 

(18) < *&G(x, s) ^ g(x, s)s for every x & A and s G M. + , 

(19) < 2G{x,s) < a(x,s)s ^ ^(x)s 2 for every x G J? \ 4 and s G M + . 

Without loss of generality, we may assume that 

g(x, s) — for every x E ft and s < 0, 
ciij(x, s) = dij(x, 0) for every x<Eft,s<0 and i,j — l,...,N. 

Let J e : Hy(ft) — > K be the functional 

J £ (u) := ^- V] / a ij (x,u)D i uD j u + ]- f V(x)u 2 - J G(x,u). 

The next result provides the link between the critical points of the modified functional 
J £ and the solutions of the original problem. 

Proposition 2.1. Assume that u £ G Hy(ft) is a critical point of J £ and that there exists 
a positive number eq such that 

u £ (x) ^ i for every e G (0, Eq) and x G ft \ A. 

Then u £ is a solution of < \P E \j . 

Proof. By assertion (a) of Corollary 16. 8[ it results that u £ is a solution of (|62"j). Since u £ ^ £ 
on ft \ A, we have 

G(x,u e (x)) = F(u e (x)) for every x G ft. 

Moreover, by arguing as in the proof of [HI Lemma 1], one gets u £ > in ft. 

Then u F is a solution of (170. □ 



The next Lemma - which is nontrivial - provides a local compactness property for 
bounded concrete Palais-Smale sequences of J £ (see Definition 16 .6J) . For the proof, we 
refer the reader to j3, Theorem 2 and Lemma 3]. 

Lemma 2.2. Assume that conditions (0), ©, Q, ©, ©, (fTU|) ZioZcZ. Let e > 0. Assume 
that (uh) C i/ 1 (lR Ar ) zs a bounded sequence and 



(w h , <p) = e 2 / a ij (x,Uh)D i u h D j (p + — V] / D a a ij {x,u h )D i u h D j Uh'P 



/or ever?/ <£> G C^°(R Ar ) ; where (wh) is strongly convergent in H l (ft) for a given bounded 
domain ft ofW N . 
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Then (uh) admits a strongly convergent subsequence in H l (f2). In particular, if (uh) is 
a bounded concrete Palais-Smale condition for J £ at level c and u is its weak limit, then, 
up to a subsequence, Duh — > Du in L 2 (f2,M. N ) for every bounded subset Q of Q. 

Since i? may be unbounded, in general, the original functional I £ does not satisfy the 
concrete Palais-Smale condition. In the following Lemma we prove that, instead, the 
functional J £ satisfies it for every e > at every level cel. 

Lemma 2.3. Assume that conditions ©, 0, ©, ©, (UH) hold. Let e > 0. 

Then J £ satisfies the concrete Palais-Smale condition at every level c G R. 

Proof Let («/ t ) C Hy(f2) be a concrete Palais-Smale sequence for J £ at level c. 

We divide the proof into two steps: 
Step I . Let us prove that {uh) is bounded in ify(i?). Since J £ {uh) — > c, from inequalities 
(HE) and (HHJ), we get 

$e 2 f § f 

(20) ~Z_j a ij (x,u h )D i u h D j u h + - / V(x)u 2 h 

u=1 Ja *Jn 



2 

hi 



< / g(x, u h )u h + ^- / V(x)u 2 h + $c + o(l) 



2A- 



as ft, — > +oo. Moreover, in view of Proposition 16.41 we have J' £ (uh)(uh) = o(\\uh\\H v (n)) as 
h — > +oo. Then, again by virtue of (JUJ), we deduce that, 



V] / ajjjx, u h )DjU h DjUh + 7T ^ / D s aij{x,u h )u h DiU h DjU h 
i,j=i Jn i,i=i Jn 

V(x)u 2 h ^ / (/(^U^Mfc + odlUfcUHvCfl)), 



as ft — > +oo, which, by Q, yields 



~ N r r 

/ a ij( x , u h)DiU h DjU h + / V^z)^ 



(21) ^ + lje 

^ / g(x,u h )u h + o(\\u h \\ Hv (n)) 

J A 

as ft — * +oo. Then, in view of (JHJ), by combining inequalities (j^Uj) and (}2*T]) one gets 

(22) ^{(i-i-^^i-i-^^^+^K 

< 0C+o(||tl A ||fl v ( fl )) +o(l) 

as ft — > +oo, which implies the boundedness of (uh) in Hv(f2). 

Step II . By virtue of Step I, there exists u G Hy(f2) such that, up to a subsequence, (u^) 
weakly converges to u in Hv(f2). 
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Let us now prove that actually (u^) converges strongly to u in Hy(f2). By taking into 
account Lemma [2.21 (applied with Q = B e (0) for every g > 0), it suffices to prove that for 
every 5 > there exists g > such that 



(23) 



lim sup 

h 



n\B e (o) 



Du h \ 2 + V(x)ul < 5. 



We may assume that A C B g / 2 (0). Consider a cut-off function ip e G C°°(Q) with i[) g = 
on _B e / 2 (0), ^ = 1 on f2 \ -B e (0), |Z?-0 e | ^ c/f? on for some positive constant c. Let M 
be a positive number such that 



(24) 



1 N 

- D saij (x,s)^j 



+ £ a- TIP AT 



for every x G 12, s G M + , £ G M JV and let C : 
(25) C(s) :- 



be the map defined by 



if s < 
Ms if < s < R 
MR if s > R, 



being R > the constant defined in (fTUj) . Notice that 

N 

(26) ^ |^-D a ay (x, s) + ('(s)aij(x, s) ^ 0, for every xEtl,seR, £,<E 



DiV 



By Proposition 16.41 we can compute J' e (uh)(i]) e Uh ^p{C( u h)})- Since (w/J is bounded in 
Hy{Q) and holds, we get 

o(l) = J^(u^)('0 e «/ l exp{C(w/ 1 )}) 

iV 



£ 2 V" / ai j (x,u h )DiU h D j u h ip e eiq){C(u h )} 
i,j=i Jn 



iV 



+ £ 2 V" / -D s aij(x,u h ) + C\u h )aij(x,u h ) DiUhDjUhUhTpge^jpiC^h)} 

■ „_i ./J? L ^ J 



+ e 2 ^ / a ii (x,M /l )M/ l AM/ l -DjV ; eexp{C(M /i )} + / V{x)v?$ s exp{((u h )} 
- / 5f(s,M h )u /i ?/' £) exp{C(M/ l )} > / (^i/l-Du/J 2 + V(ar)«y ^ c exp{C(«/0} 
+ £ 2 Y / a *i( a; ; M /i)^AM/ l -D : ,^ e exp{C(n ?i )} - / g(x,u h )u h ip e exp{C(u h )}. 
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Therefore, in view of ([19)1 . it results 

o(l)> / (£ 2 ^|L>^| 2 + y(x)^)^exp{CK)} 

J Q 

+ £ 2 / ay(x, DiUhDjtfjg exp{((u h )} - - I 

U=1 JQ *J n 



as q — > +00. Taking into account that 

iV 



V] / aij{x,u h )u h DiU h Djij} e ex^{C,{u h )} 



V r (x)w^exp{C(M/ l )} 



exp{Mi?}C ||n 

Q 



there exists C" > (which depends only on e, v and k) such that, as g — > +00, 

C" 



limsup / ( \Du h \ 2 + V(x)u\\ ^ 

ft Jn\B„(o) V / 



ft Jn\B e (o) \ J Q 

which yields (|23|). Therefore — > u strongly in Hy(Q) and the proof is complete. □ 

3. Energy estimates and concentration 
Let us now introduce the functional Jo : 7J 1 (lR iV ) — ► K. defined by 

M u ) '■= \ 52 / a ij (x ,u)D i uD j u+ - I V(x )u 2 - [ F(u) 
z ~~ 1 Jr n 1 Jm. n Jr n 

where x is as in (|TT|) . Let us set 

c := inf sup J ( 7 (i)), 

TG^O tG [ ,l] 

where <^o is the family defined by 

(27) & :=[<yeC{[Q,l],H v (JBL N )): 7 (0) = 0, J Q ( 7 (1)) < o}. 
Let us also set 

(28) ^:={ 7 GC([0,l],/f y (L2)): T (0) = 0, J £ ( 7 (l)) < 



In the following, if necessary, we will assume that, for every 7 G for every t G [0, 1] 
the map 7 (t) is extended to zero outside L?. 

In the next Lemma we get a critical point u £ of J e with a precise energy upper bound. 
Lemma 3.1. For e > sufficiently small J £ admits a critical point u £ G Hy{^) such that 
(29) J £ (u £ )^e N c + o(e N ). 
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Proof. Let e > 0. By Lemma 12.31 the functional J £ satisfies the concrete Palais-Smale 
condition at every level c6i Moreover, since g(x, s) = o(s) as s — > uniformly in x, 
it is readily seen that there exist q £ > and v e > such that J £ verifies condition (JHBJ). 
Finally, if z is a positive function in Hy(f2) \ {0} such that supt(^) C vl, by (JOJ) it results 
J £ (tz) — > — oo as t — > +oo. Therefore, by Proposition IHIHJ minimaxing over the family ()28jh 
the functional J £ admits a nontrivial critical point u £ G Hy(f2) such that 

J e (w e ) = inf sup J £ (j(t)). 

T 6 ^te[o,i] 

Since c is the Mountain-Pass value of the limiting functional Jo, for every 5 > there 
exists a continuous path 7 : [0, 1] — > H V (R N ) such that 

(30) c ^ sup J ( 7 (*)) ^ c + 5, 7 (0) = 0, J (7(l)) < 0. 

*e[o,i] 

Let C e C™(R N ) be a cut-off function with C = 1 in a neighbourhood U of i n ^- We 
define the continuous path r e : [0, 1] — > H V (Q) by setting r e (r)(x) := CO^Tv 7 ") (^-jr 2 ) f° r 
every r G [0, 1] and a; G O. Then, for every r G [0, 1], after extension to zero outside i?, 
we have 

Ur,(r)) = j T.J rn "H (*,C(s)7(t) (^ ££ )) AC-DX7 2 (t) 

+ 5 ? I/« (^)) ^» (^) (^) ? 



+ £ E J^ * (*,C(*)7(r) (^)) AC(^7(r)) (^) C7(r) ( 

+ £ / F(x)C 2 (x) 7 2 (r) ( X -^) - [ G (x,«xMt) 

^ Jrjv V £ / ./R* V V £ 

Then, after the change of coordinates, for every r G [0, 1] we get 

c N+2 N r 

/ a ij( £ y + x oX(zy + Xoh(T)(y))D i ((ey + Xo)D j ((ey + Xo)>y 2 (T)(y) 



2 

A' 



V / ay (£|/ + x , C(ey + xo)j{r)(y)) D£(ey + x )Djj(T){y)({ey + x )j{r){y) 
V / a ij (ey + xo,C(sy + xoh(T)( y y))Da(r)(y)D j -f(T)(y)C 2 (ey + xo) 



+ — / V(ey + a;o)C'N + ^)f{r){y) - / + x , ((ey + x ) 7 (r)(y)). 
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Taking into account that for every r G [0, 1] we have 

lim / V(sy + x )C 2 (ey + xoh 2 (r)(y) = [ V '(x )7 2 \r){y) , 



and also 

N 



e 



lim/ G(ey + x ,C(ey + x )j(T)(y))= F^(r)(y)), 



lin kYl / a ij( £ y + x o>(( £ y + x oh( T )(y)) D n( T )(y) D ji( T )(y)( 2 ( £ y + x o) 

e^U * — /toat 

N 

= X, / a u( a; o,7(^)(2/))A7W(y)^i7(^)(?/), 



we obtain 



Oij (x , t(t) (y))Da(r) (y)Djj(r) (y) 



+ 5 / ^(xo)7 2 (r)(y) - / F( 7 (r)(y)) J> + o(s N ) 
as e — > 0, namely 

(31) J £ (r £ (r))=^J (7(r)) + O (£ 7V ) 

as e — > 0, where o(e N ) is independent of r (by a compactness argument). Then, by ffTTTTf) 
and (jHIJ, it follows that G ^ for every e > sufficiently small and, 

J £ {u £ ) = inf sup J £ (l(t)) ^ sup J £ (r £ (t)) 
te[o,i] te[o,i] 

= e N sup J ( 7 (f)) + o(e") 

*G[0,1] 

^ e N c + o(e N ) + 5e N for every 5 > 0. 

By the arbitrariness of 5 one concludes the proof. □ 

In the following result we get some apriori estimates for the rescalings of u e . 

Corollary 3.2. Let (eh) C K + , (x^) C A and assume that (u £h ) C Hy(fl) is as in 
Lemma \3.1\ Let us set 

v h eH v (f2 h ), Q h := e~^{Q - x h ), v h (x) := u eh (x h + e h x) 

and put Vh = outside Qh- 

Then there exists a positive constant C such that 

(32) H^/ill/POR^) < C 
for every h G N. 



12 MARCO SQUASSINA 

Proof. We consider the functional Jh ■ Hy{Q] l ) — > K. given by 



N 



(33) J h (v) := - y~] [ aij(x h + e h x,v)DivDjV 

+ ^ / + ^)^ 2 - / + e^x, v). 

Since Jh(vh) = e^ 1 ^ J £h {u £h ), by virtue of Lemma l3.1l we have Jhivh) ^ c+o(l) as h — > +oo. 
Therefore, if we set = (A — x^j, from inequalities (fT%|) and (fEIJ) . we get 

(34) -V / aij(x h + e h x,v h )DiV h DjV h + - V(x h + e h x)v 2 h 

< / g(x h + e h x,v h )v h + ^- [ V(x h + e h x)v 2 h + 'dc + o{l) 

JA h jRN\ Ah 

as h — > +oo. Moreover, since by Proposition 16.41 it results J' h {yh){vh) = for every h G N, 
again by (fT^j) . we get 

iv x N 

I aij(x h + e h x, v h )DiV h DjV h + - / D s a i:j {x h + e h x, v h )v h DiV h DjV h 

+ [ n* + „K> [ ** + ^ 

JR N J A h 

which, in view of Q, yields 

jv „ 

(35) ( ^ + 1 ) y~] / aij(x h + e h x,v h )DiVhDjV h 



Then, recalling ((7|) and (jSJ), by combining inequality (^jj) and (J33j) one gets 
(36) nrfnfg-I-l^g-'-ll,, 

as /z — ► +oo, which yields the assertion. □ 

Corollary 3.3. Assume that (u £ ) £> o C Hy(fl) is as in Lemma VS.lX 

Then we have 

lim ||w e ||jf K (fi) = 0. 

Proof. We may argue as in Step I of Lemma 1231 with Uh replaced by u £ and c replaced by 
J £ {u £ ). Thus, from inequality (jUJ), for every e > we get 

/ ( \Du £ \ 2 + V(x)vi) < frj-5 ^ 5 5 r J e (« e ). 
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By virtue of Lemma 13.11 this yields 



J (\Du e \ 2 + V(x)uf) < 



2l!r e N - 2 + o(s N - 2 ) 



(??-7-2)z/ 

for every e sufficiently small, which implies the assertion. □ 

Let «Sf : R N x R x R N ^Rbea function of class C 1 such that the function V^JSf is of 
class C 1 and let (p G L 1 ^ C (R 7V ). We now recall the Pucci-Serrin variational identity [PS . 

Lemma 3.4. Let u : R N — > K 6e a C 2 solution of 

-div (£> e Jzf (s, u, Dm)) + i^JzfO, u, Dm) = 93 in @'(R N ). 

Then we have 

- r 

V / D i h 3 D^^'(x,u,Du)D j u + 
(37) *J=i JrJV 

-/ [(div/i)JSf(a;,tt,D«) + /i-I> a ,Jgf(a;,tt J Dtt)] = / 
Jr n Jw 

for every h G CKR^, R^). 



(/i ■ Du)<p 



We refer also to [DMS , where the above variational relation is proved for C l solutions. 
We now derive an important consequence of the previous identity which will play an 
important role in the proof of Lemma 13.61 

Lemma 3.5. Let \i > and h, H : R + — > R be the continuous functions defined by 

h(s) = -n8 + f(s), H(s) = [ h(t)dt, 



where f satisfies © and ®. Moreover, let 6 y G C 1 (R + ) n L°°(R+) with b' tj G L°°(R+) 
and assume that there exist v 1 > and R' > with 

N N 

(38) ]T M*)^ > ^'lei 2 , s>& => K^sMj > 

ij'=l i,j=l 

for every s G R + and £ G R^. 

Let u G id 1 (R 7V ) 6e any nontrivial positive solution of the equation 

N N 

(39) - DjibijiujDiu) + 2 b 'ij( u ) D i uD j u = %) m RAf - 

ij'=l i,j=l 

We denote by J the associated functional 

N 

(40) J( u ):= l -Y^f b l3 (u)D lU D jU - [ H{u). 
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Then it results J(u) ^ b, where 

b := inf^ sup J( 7 (t)), 

7G.^ te[o,l] 

^:={ 7 GC7([0,l] ) if 1 (M Ar )): 7 (0) = 0, J( 7 (l)) < o}. 
Proof. By condition (|3*Sj). it results 

J(«) > -min{i/,/i} ||u||^i (RJ V) - / F(v) for every v G ^(M^). 

Then, since for every e > there exists C e > with 

< F(s) ^ £s 2 + C £ \s\^ for every stK , 

it is readily seen that there exist g > and 5 > such that J(v) ^ 5q for every v with 
IM|i,2 = £o- 111 particular J has a Mountain-Pass geometry. As we will see, 8? ^ 0, so that 
b is well defined. Let u be a nontrivial positive solution of (f3*9J) and consider the dilation 
path 



7 (t)(x) := 



u (f ) if t > 
if t = 0. 



Notice that || 7 (i)||#i =t N 2 \\Du\\ 2 , + t N \\u\\ 2 , for every t G 1R + , which implies that the curve 
7 belongs to C([0, +oo[, fl 1 ^)). For every t G M+ it results that 

^(7(*)) = ^E/ buMWaWDfy® - [ H W)) 

V / bijiujDiuDju-t" [ H{u) 



2 

which yields, for every t G M + 

AT 

- \ — V .. 

(41) 



4 J(7(*)) = ^— ^t^ 3 V / b %J {u)D % uD ]U - Nt N -' [ H(u). 

By ()38p . arguing like at the end of Step I of Lemma 13.61 (namely using the local Serrin 
estimates) it results that u G L^ C (R N ). Hence by the regularity results of |LUj . it follows 
that u is of class C 2 . Then we can use Lemma f3. 41 by choosing ip = 0, 



1 - 

(42) Jgf (a, : = 2 E - H ( s ) for ever y sGK + and^ D v 

/i(x) := h k {x) = T ^— j x for every x G M. N and k ^ 1, 
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being T G C^(M. N ) such that T(x) — 1 if \x\ ^ 1 and T(x) = if |a;| ^ 2. In particular, it 



results that h k G C^R^R^) for every fc > 1 and 



A^fa) = AT (l)-J + T (| ) for ever y a; G M W and j = 1, . . . , iV 

(div /i fc ) (x) = -DT • — + NT ( -) for every xeR N . 
\kJ k \kJ 

Then, since D x J£(u, Du) = 0, it follows by (J37|) that for every k ^ 1 

V / AT f f ) ^D jU D^{u, Du)+ [ T (j) D^{u, Du) ■ Du 
7T--X Jm. n v fc ' fc </ ir^ v fc J 

DT fj) ■ j J&?(it, Dm) - f NT fj) S?(u, Du) = 0. 

Since there exists C > with 

AT ^ < C7 for every x G R^, fc ^ 1 and i, j = 1, . . . , N, 



by the Dominated Convergence Theorem, letting k — > +oo, we obtain 

0. 



/ [iVJgf («, Du) - DfJgf («, Dm) • Du 

namely, by (j!2J), 

(43) ^— — > ' / bij{v)D{uDfu = N I H(u). 



J2 / bij^DiuDjU — N H 
Jr n Jr n 

By plugging this formula into (jHJ), we obtain 



lj( 7 (t)) = iV(l-t 2 )^- 3 / 
at Jkjv 



which yields f t J(l(t)) > for t < 1 and f t J(l(t)) < for t > 1, i.e. 

sup J( 7 (t)) = J( T (1)) = J(«). 

t€[0,L] 

Moreover, observe that 

7(0) = and J{pf{T)) < for T > sufficiently large. 
Then, after a suitable scale change in t, 7 G ^ and the assertion follows. □ 
The following is one of the main tools of the paper. 

Lemma 3.6. Assume that (u £ ) e>0 C H V (Q) is as in Lemma UH 

Then we have 

(44) limmaxMp = 0. 

V ' e^O dA 
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Proof. The following auxiliary fact is sufficient to prove assertion (jUj) : if Eh — > and 
(xh) C A are such that u £h (xh) is c for some c > 0, then 

(45) lim V^Xft) = min V. 

ft A 

Indeed, assume by contradiction that there exist (eh) C R + with e/, — > and (xh) C 9/1 
such that u eh (xh) ^ c for some c > 0. Up to a subsequence, we have Xft — > x G 9/1. Then 
by f|45j) it results 

minV U(x) = limU(xft) = minU 

dA h A 

which contradicts assumption 

We divide the proof of into four steps: 
Step I . Up to a subsequence, for some x G A By contradiction, we assume that 

U(x) > mini/ = V(x ). 

A 

Since for every h G N the function w eft solves (-P £h ), the sequence 

v h eH v (£2h), M h = e^ l {ft - x h ), v h (x) = u £h (x h + e h x) 

satisfies 

V V 

- ^ D j (a ij (x h + e h x, v h )DiV h ) + - D s aij(x h + v h )DiV h DjV h = w h in 

ij'=l ij'=l 

f ft > in 12ft and v h = on <9i?ft, where we have set 

w h := 5f(xft + e h x, v h ) - U(xft + e h x)v h for every ft, G N. 

Setting Vh — outside R^, by Corollary 13.21 up to a subsequence, t> h — > u weakly in 
i/ 1 (]R iV ). Notice that the sequence (xa{xh + £h x )) converges weak* in L°° to a measurable 
function ^ x ^ 1. In particular, taking into account that \wh\ ^ Ci\vh\ + C2\vh\ p , (lUfc) is 
strongly convergent in H^^ft) for every bounded subset ft of WL N . Therefore, by a simple 
variant of LemmaE2l we conclude that (vh) is strongly convergent to v in if 1 (i7) for every 
bounded subset ft C M. N (actually, as we will see, Vh — > v uniformly over compacts). Then 
it follows that the limit v is a solution of the equation 

N N 

(46) — Dj(dij(x,v)D i v) + - D s a,ij(x,v)D i vDjV + V(x)v = g (x,v) in M N 

i,j=l i,j=l 

where go(x, s ) '■= x( x )f( s ) + (1 ~~ x( x ))f( s ) f° r every x G WL N and s G R + . 
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We now prove that v ^ 0. Let us set 

d(x) . = lv(x h + e h x)-^l ifv h (x)^0 
hK } ' \0 $v h (x) = 0, 

N 

Aj(x, s, f ) := ^ a ij( x h + £hX, s)£i for j = 1, . . . , N, 

i=i 



B(x, s,£) := d h (x)s, 

N 



1 ^ 

C(x, s) := - D s aij(x h + e h x, s)D i v h (x)D j 



2 

for every x G R , s G R + and £ G R^. Taking into account the assumptions on the 
coefficients ciij(x, s), it results that 

A(x,s,0-^v\t\\ \A(x,s,0\ <c|e|, |5(x, S ,£)|^4(z)N- 
Moreover, by (jl(Jj) we have 

s ^ i? =>. C(x,s)s > 

for every x G R w and s G R + . By the growth condition on g, dh G (B 2g (0)) for every 
£> > and 

S = sup H4||^ (Bae(o)) < D e sup ||^|| L2 *(B 2e (o)) < +oo 

for some 5 > sufficiently small. Since we have div(A(x, v^, Dv^j) = B(x,v h , Dv h ) + 
C(x,Vh) for every h G N, by virtue of |SE1 Theorem 1 and Remark at p. 261] there exists 
a positive constant M(5, N, c, g S) and a radius g > 0, sufficiently small, such that 

sup max \v h (x)\ < M(5, iV, c, g s S)(2g)~ N/2 sup |KIU 2 (B ( 0)) < +cx) 

so that (uft) is uniformly bounded in B g (0). Then, by SE, Theorem 8], (v^) is bounded in 
some C 1,a (B 2/2(0)). Up to a subsequence this implies that (vh) converges uniformly to v 
in B g/2 (0). This yields v(0) = \xm h v h (0) = \im h u £h (x h ) ^ c> 0. 

In a similar fashion one shows that Vh — > v uniformly over compacts. 

Step II . We prove that v actually solves the following equation 

N j N 

(47) - ^2 D j (a ij (x, v)Div) + — D s aij(x, v)D i vD/ j v + V(x)v = f(v) in 



In general the function x of Step I is given by x — Xt a (£), where T A (x) is the tangent 
cone of A at x. On the other hand, since we may assume without loss of generality that 
A is smooth, it results (up to a rotation) that x( x ) — X{xi<o}( x ) for every x G ~R N . In 
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particular, v is a solution of the following problem 

N j N 

(48) - 2J Dj{aij{x, v)Div) + — D s aij(x, v)D, i vD j v 

i,j=l i,j=l 



+ V(x)v = X{x!<o}(x)f(v) + X{a>i>o}(aO/(v) i 



111 



Let us first show that v(x) ^ £ on {x\ = 0}. To this aim, let us use again Lemma \3A\ by 
choosing this time 

V?0) := X{x 1 <o}(x)f(v(x)) + X{x 1 >o}(x)f(v(x)) for every x eR N 

1 N V(x) 
& (s, f ) := - 22 a ij @> s )&& + ~Y^ s2 for ever y s G M and £ G R N , 

:= /i fc (x) = (t (|) , 0, . . . , 0) for every x G R N and fc ^ 1. 
Then h k G C^R^, M^) and, since D x ^f(v,Dv) = 0, for every k ^ 1 it results 

^ ■ N "' " ;v] 



/ RW [* E AT ^ Z») - AT (^ 1 .Sf („, -D 

Again by the Dominated Convergence Theorem, letting k — > +00, it results 

ip(x, v)D\v = 0, 



that is, after integration by parts, 



/ \f{v{0,x')) - F{v{0,x')) 



dx' = 0. 



Taking into account that F(s) ^ F(s) with equality only if s ^ £, we get v(0,x') ^ £ for 
every x' G M^ -1 . To prove that actually v(x\, x') ^ £ for every x\ > and x' G M^ -1 , we 
test (SHI) with 



77(2;) 



if xi < 

(v(xi, x') — £) + exp{C(f (xi, x'))} if x\ > 



where £(s) is as i n and then we argue as in Section 0] (see the computations in 
formula (|55|l ). In particular, 



(49) </?(x, f (x)) = f(v(x)) for every x G 

so that v is a nontrivial solution of (J47|) . 
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Step HI If : Hy(f2h) — > R is as in (j33J) . the function Vh is a critical point of Jh and 
Jh( v h) — £ h~ N Je h (ue h ) f° r every Let us consider the functional : i!/' 1 (R Ar ) — > R 

defined as 



J £ (u) := 



/ a ij (x,u)D i uD j u + \ [ V{x)u 2 - [ F(u). 



We now want to prove that 

(50) J £ (f ) < liminf J h {v h ). 

h 

Let us set for every h G N and i £ ^ 

1 - 1 

(51) f h (ar) : = 2 + e ^ x > v h )DiV h DjV h + ^V(x h + e h x)v\ - G{x h + e h x, v h ). 

Since — > t> in if 1 over compact sets, in view of for every £> > one gets 



lim / ^(x) 

'B e (0) 



^ JB e (0) \ i j=1 J JB e (0) 



Moreover, as v belongs to H 

(v) = Uv) - 0(1) 

,3=1 J jB e(°) 

as g — > +oo. Therefore, it suffices to show that for every 5 > there exists o > with 



If ( Y,a i] (x,v)D l vD j v + V(x)v 2 ] - / F(i 

1 Jb M \u=1 J jB e(°) 



(52) liminf / £ h (x) ^ -5. 

h JQ h \B e (Q) 

Consider a function r\ e G C°°(R JV ) such that ^ ^ 1, r\ e — on B e -i(0), r\ e = 1 on 
R^ \ S e (0) and |£>77 e | ^ c. Let us set for every h G N 

AT 



ffh(g) : = ^ / a ij (x h + e h x,v h )D i v h D j (r] s v h ) 

1 - /• 

+ - V, / D s a ij (x h + e h x, v h )r] s v h DiV h DjV h 

1 , „•_ 1 JB„(0)\Bn-1 (0) 



'B e (0)\B„_i(0) 
■/B fl (0)\B e _i(0) ./B e (0)\B e _i(0) 
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After some computations, in view of 0, (joTj) and Proposition 16.41 one gets 
-p h (g) + J'h(vh)(VgVh) 



<(7 + 2)/ 

Jn h \B (o) z JQ, 



V{x h + e h x)v\ 

'n h \B e (0) * JQ h \B e {0) 



+ (7 + 2) / G(x h + e h x,v h ) - / g(x h + e h x,v h )v h 

Jn h \B e (o) Jn h \B e (o) 

Notice that, by virtue of (fT%|) . for g large enough, setting Ah = s' h 1 {A — Xh), we get 
~Z I v ( x h + £hx)vl + (7 + 2) / G(x h + e h x, v h ) 

Z JA h \B e (0) JA h \B e (0) 



g(x h + e h x, v h )v h ^ - 2 - 7) / G(x h + e h x, v h ) ^ 0. 

A h \B e (0) JA h \B e (0) 

Analogously, in view of (JTHJ), we obtain 



V(x h + e h x)v h + (7 + 2) / G(x h + e h x, v h ) 

n h \(B e (o)uA h ) J n h \(B B (o)uA h ) 

g(x h + e h x,v h )v h 

n h \(B e (o)uA h ) 

< -? / V(x h + e h x)v\ + V(x h + e h x)v\ ^ 0. 

z J n h \(B e (v)\jA h ) ^ J n h \(B e (o)uA h ) 

Therefore, since J'h( v h)(Ve v h) — for every h EN and 

limsup Ph(g) = o(l) as g — ► +00, 
ft 

inequality (JH2J) follows and thus (jHOj) holds true. 

Step IV . In this step we get the desired contradiction. By combining Lemma 13.11 with 
the inequality (|50|). one immediately gets 

(53) J$(v) < c = inf sup J (7(0)- 

76^0 te [0,1] 

Since f is a nontrivial solution of (|47|h by applying Lemma f3. 51 with 

H = V(x), u' = v, R' = R, bij(s) = ciij(x, s), 
being & C &> Ql V(x) > V(x Q ) and, by (IT2J) . 

N N 

ctjj(x, s)^j ^ ciy(^o, s )£i£j f° r every s E M + and £ G E^, 

ij'=l ij=l 

it follows that 

(54) Jj(u) ^ inf_ sup Js(t(0) > inf SU P ^o(7W) = c, 
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which contradicts (J53j) . □ 

4. Proof of the main result 
We are now ready to prove Theorem 11.11 

Step I . We prove that (a) holds. By Lemma f3.6l there exists 6q > such that 

u e (x) < £ for every e G (0, e ) an d x G 9/1. 
Then, since u £ G Hy(f2), for every e G (0, £o), if C is defined as in (J2SJ), the function 

if x G A 

(u e (x) -£)+exp{C(w £ (x))} ifxG^\/l 

belongs to Hq{Q) and (by Proposition I6.4J1 it is an admissible test for the equation 

N 2 N 

-e 2 22 Dj(aij(x,u £ )DiU £ ) + — 2j D s a ij (x,u e )D i u £ D j u E + V(x)u £ = g(x,u £ ). 

i,j=l i,j=l 

After some computations, one obtains 

(55) £ 2 J2 / aii(s,« e )A[(« e -^) + ]^[K--«) + ]exp{C(tt e )} 
i " » 

DiU £ DjU £ (u £ - £) + exp{C(w e )} 



v £ (x) :-- 



N " 1 



-D s aij(x,u £ ) + C'(M e )aij(x,M £ 



+ / $ £ (x)[( Me -£) + ] 2 exp{C(M £ )}+ / $ e (xK( M£ -£) + exp{C(M £ )} = 0, 
where $ £ : i? — > R is the function given by 

..(,) := V( X ) - 9^». 

u £ {x) 

Notice that, by virtue of condition ()19|) . one has 

$ £ (x) > for every x G f2 \ A. 

Therefore, taking into account (J2EJ), all the terms in (J55)l must be equal to zero. We 
conclude that (u £ — £) + = on f2 \ A, namely, 

(56) u £ (x) ^ £ for every e G (0, e ) an d £ G fl \ A. 

Hence, by Proposition 12. 11 u £ is a positive solution of the original problem Q-P £ p . Moreover, 
by virtue of (JTUJ), using again the argument at the end of Step I of Lemma it results 
that u £ G Lfo c (f2), which, by the regularity results of |LUj . yields u £ G C(Q). Notice that 
by arguing in a similar fashion testing with 

ii x e A 

{u £ (x) - sup a/1 u £ ) + exp{C(w £ (x))} if x G Q \ A 



v £ {x) :-- 
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it results u £ — > uniformly outside A. 

Step II . We prove that (b) holds. If x £ denotes the maximum of u £ in A, since u £ — > 
uniformly outside yl, it results that u £ (x £ ) = sup^w e . By arguing as at the end of Step I of 
Lemma EOH setting v e (x) = u £ (x £ + ex) it results that the sequence (f £ (0)) is bounded in 
R. Then there exists a' > such that u £ (x £ ) = f e (0) ^ a'. Assume now by contradiction 
that u £ (x £ ) ^ cr for some e G (0,£o)- Then, taking into account the definition of a and 
that u £ — > uniformly outside A, it holds (with strict inequality in some subset of Q) 

f(u (x)) 

(57) V{x) - — £ ; ' ! > for every x G Q. 

u £ [x) 

Let C : 1R + — > 1R be the map defined in (J25|) . Then, in view of Proposition 16.41 the function 
u £ exp{((u £ )} can be chosen as an admissible test in the equation 

N s 2 N 

-e 2 22 Dj(aij(x,u £ )DiU £ ) + — 2j Dgdi^u^DiUeDjUe + ^(s)u e = /(w e ). 

£,.7=1 »J— 1 

After some computations, one obtains 

N 

(58) e 2 



/ a»i(a j >We)Aw e -Di«eexp{C(u e )} 
U=i Jn 

N 

+- 2 £ 



TV 

/ l 

DiU £ DjU £ u £ exp{C(w e )} 



-D B aij(x,u e ) + ('(u E )aij(x,u e ) 



+ J (v(x) - tt^Pj u 2 £ eMC(u £ )} = 0. 



Then, by ©, (ffijj) and (|57j) all the terms in equation (J55)l must be equal to zero, namely 
u £ = 0, which is not possible. Then u £ (x £ ) ^ a for every e G (0, e Q ) and by we also 
get d(x £ , ^#) — * as e — > 0. 

Step HI . We prove that (c) holds. Assume by contradiction that there exists g > 0, 
5 > 0, Eh — > and G /l \ B e (x £h ) such that 

(59) lim sup w £(i ^ 5. 

h 

Then, arguing as in Lemma 13.61 we can assume that y^ — > y, x £h — > y and u^(y) := 
u £h (y h + e h y) -> t>, := u £h (x £h + e h y) -> u strongly in iJ^R^), where u is a solution 

of 

V j /V 

- ^ A(a^(y, + 2 A%(y, v)D, i vD j v + = /(«) in 

ij=l ij=l 

and u is a solution of 

V TV 

- ^ AMy, + A%(y, v)D lV D ]V + V(y> = /(v) in R N . 
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Observe that « / and d / 0. Indeed, arguing as in Step I of Lemma 13.61 it results 
that (vfi) and (vh) converge uniformly in a neighbourhood of zero, so that from (J59j) and 



u 



eh 



[x £h ) ^ a we get v(0) ^ 5 and v(0) ^ a. Now, setting Zh '.- 



eh 



and 



1 N 1 

€h(y) := 9 ai ^ Vh + £hy > v h)DiV h DjV h + -V(y h + e h y)v 2 h - G(y h + s h y, v h ), 



»j'=i 



if "0 G C°°(R), ^ ^ 1, ip{s) = for s ^ 1 and ip(s) = 1 for s ^ 2, arguing as in 
Lemma f3. 61 bv testing the equation satisfied by Vh with 



(fhAv) = v h{y) 
taking into account that 



lim 

h 



y - z h \ 

R 



Uy) 



oil) 



>B 2R (p)UB 2R (z h )\(B R (0)UB R (z h )) 

as R — > +oo, it turns out that for every 5 > there exists i? > with 



lim inf 

h 



Uy) > -s. 



n h \(B R [0)UB R (z h )) 



Moreover, for every R > we have 



lim inf 

h 



Uy) 



B R (0)UB R (z h ) 



= lim inf / -) a i:j (y h + e h y, v^DiV h DjV h + -V(y h + e h y)v 2 h - G(y h + e h y, v h ) 
h Jb r (o) 2 rr± x 2 

f 1 N 1 

+ lim inf / - V, a ij (x £h + e h y, v h )DiV h DjV h + -V(x £h + e^y)^ - G(x £h + 

h Jb r(<>) 1 i,j=l l 

r i - i 

= / o E OiiMDivDjV + -V(y)v 2 - 

f 1 N 1 

+ / oE + ^(yV - F(55). 



Therefore, we deduce that 



liminf e A N J Eh {u £h ) = liminf / ^(y) ^ J y (v) + Jy(t5). 

If 6^ and by denote the Mountain-Pass values of the functionals J y and Jy respectively, 
by Lemma 133} (|TT|) and (fT2*|) we have J y (v) ^ b y ^ c and Jy(u) ^ % ^ c. Therefore we 
conclude that liminf Eh~ N J £h {u £h ) ^ 2c, which contradicts Lemma [3.11 
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Step IV . We prove that (d) holds. By Corollary 13.31 we have ||M e ||//v(fi) — > 0- m 
particular, u £ — > in L q (f2) for every 2 ^ q ^ 2*. As a consequence u £ —>■ in L 9 (i?) also 
for every q > 2*. Indeed, if g > 2*, we have 

Q J Q J Q 

as e — ► 0. 

The proof is now complete. □ 

5. A FEW RELATED OPEN PROBLEMS 

We quote here a few (open) problems related to the main result of the paper. 

Problem 5.1. Under suitable assumptions, does a Gidas-Ni-Nirenberg |GNNj type result 
(radial symmetry) hold for the solutions of autonomous equations of the type 

N N 

(60) - Djibiji^Diu) + - b'iji^DiuDju = h(u) in R N 7 

i,j=l i,j=l 

Problem 5.2. Under suitable assumptions on 6^ and h, is it possible to prove, as in the 
semilinear case, a uniqueness result for the solutions of equation f)6Uj)? 

Problem 5.3. Under suitable assumptions on 6y and h, is it possible to prove, as in the 
semilinear case, that there exists a least energy solution of equation f)60|) ? In other words, 
is there a positive solution u> G H 1 {R N ) such that 

J(u) = inf : u G H\R N ) \ {0} is a solution of (jHOD 

being J the functional associated with (J6TJ|) ? We believe so, and in particular that this 
solution correspond exactly to the Mountain-Pass solution. 



Problem 5.4. Is it true that for each e > the solution u £ of problem QP £ D admits a 
unique maximum point inside A7 



Problem 5.5. Is it true that the solutions u £ of problem ^P £ \ decay exponentially as for 
the semilinear case (see formula (|16|) )? 

6. Appendix: recalls of nonsmooth critical point theory 

In this section we quote from |CDM| IDMj some tools of nonsmooth critical point theory 
that are used in the paper. 

For the sake of completeness, let us recall the definition of weak slope. 

Definition 6.1. Let A be a complete metric space, / : X —>■ M. be a continuous function, 
and u G X. We denote by \df\(u) the supremum of the real numbers a ^ such that 
there exist 5 > and a continuous map ffl : B(u, 5) x [0, 8] — > X such that, for every v 
in B(u, 5), and for every t in [0, 5] it results 

d{je>(v, t),v)<: t, f(J4?(v, t)) ^ f(v) - at. 
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The extended real number \df\(u) is called the weak slope of / at u. 

Definition 6.2. We say that u G X is a critical point of / if \df\(u) = 0. We say that 
c G R is a critical value of / if there exists a critical point u G X of / with /(«) = c. 

Definition 6.3. Let cel. We say that / satisfies the Palais-Smale condition at level c 
((PS) C in short), if every sequence (uh) in X such that \df\{uh) — > and f{uh) — > c admits 
a subsequence converging in X. 

Let us now return to the concrete setting and choose X = Hy(f2). Let e > and consider 
the functional / : Hy(f2) —>■ R defined by setting 

(61) f(u) = S2 [ a ij (x,u)D i uD j u + )- J V(x)u 2 - J G(x,u) 

where g : L? x R — > R is now any Caratheodory map and G(x, s) = J Q S g(x, t) dt. Although 
/ is merely continuous, its directional derivatives exist along some special directions. 

Proposition 6.4. Let u, if G Hy{Q) be such that 

s ^D s a i j{x,u)DiuDju\(f G L 1 (L7). 



Then 



1 N \ 

2^ D s aij(x,u)DiuDjU J 99 G L 1 (l7), 

.ij'=l / 



the directional derivative f'(u)(ip) exists, and it holds 

N r 2 N 

f{u){y) = e* — 



y~] / a>ij(x, u)DjuDj<f +77^ / D s a ij (x,u)D i uD j u(p 



+ / V(a;)tt^ - / g{x,u)cp. 
J n J n 

In particular, if (fTU|) holds, for every if G L°°(fi), if ^ t/je derivative f'(u)((fu) exists. 
Definition 6.5. We say that u is a weak solution of the problem 

{N 2 N 

—e 2 ^2 Dj(aij(x,u)Diu) + | ^ D s aij{x ) u)D i uDjU + K(x)w = g{x,u) in i? 
ij=l l 
u = on <9i2 

if m G Hy(f2) and 

N 2 AT 

— e 2 Dj(aij(x, u)Diu) + — D s aij(x, u)DiuDjU + F(s)w = (7(0;, u) 

i,j=l i,j=l 



is satisfied in 'Si' (ft). 
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We now introduce a variant of the classical Palais-Smale condition, suitable for our 
purposes. 

Definition 6.6. Let cGl. We say that (uh) C Hy(fl) is a concrete Palais-Smale sequence 
at level c {{CPS) C — sequence, in short) for the /, if f(uh) — > c and 

N 

^ D s aij(x,Uh)DiUhDjU h E as /i -> +00, 

TV 2 ^ 

-e 2 ^ DjfaijixjUhjDiUh) + — ^2 DaaijixjUhjDiUhDjUh + V^a;)^ - g{x,u h ) -> 

j,j=l ij=l 

strongly in (Hy(f2))'. We say that / satisfies the concrete Palais-Smale condition at 
level c ((CPS)c condition), if every (CPS%— sequence for / admits a strongly convergent 
subsequence in Hy(Q). 

The next result allows us to connect the critical points of / (as in Definition 16. 2j) with 
the weak solutions of problem ([62)1 . 

Proposition 6.7. For ewer?/ it m Hy(f2) we have 

\df\(u)2m>{(v> n ,<p): <pEC?(f2), |MU v O} 

w u = — e 2 Dj(dij(x, u)Diu) + — D s aij(x, u)DiuDjU + V(a;)u — o(x, u). 
In particular, if\df\(u) < +00, it follows that 

N 2 N 

-e 2 ^2 D j {a ij {x ) u)D i u) + — D s aij(x,u)DiuDjU E (H V (Q))' 

i,j=l i,j=l 

and \\w u \\ {Hv{n) y ^\df\(u). 

As a consequence of the previous Proposition we have the following result. 

Proposition 6.8. Let u E Hy(f2), c 6R and let (uh) be a sequence in Hy(f2). 
Then the following facts hold: 

(a) if u is a critical point of f , then u is a weak solution of (|62|) ; 
(6) if f satisfies (CPS) C , then f satisfies (PS) C . 

Finally, we recall a suitable version of the nonsmooth Mountain-Pass Theorem. 



Proposition 6.9. Let us consider the class of paths (j28j) . Assume that there exist g e > 
and v £ > such that 

(63) ||w||fl-vr(rt) = Qe => f( u ) > v e . 
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Then, if f satisfies the concrete Palais-Smale condition at level 

c £ = inf sup 

T e ^te[o,i] 

there exists a nontrivial critical point u £ e Hy(f2) of f at the level c £ . 

Acknowledgments. The author wishes to thank Marco Degiovanni for some useful dis- 
cussions. 
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